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Abstract 

> 

j. , In this paper we give an explicit formula for level 1 vertex operators 

■ related to U q (sl(n)) as operators on the Fock spaces. We derive also their 

commutation relations. As an applications we culculate the one point 
. functions of the one- dimensional spin chain associated with the vector 

representation of U q (sl(n)), thereby extending the recent work on the 
CO , staggered polarization of the XXZ-mode\. 

1 Introduction 

P-i 

' The Hamiltonian of the XXZ-mode\ has J7 q (s/(2))-symmetry in the thermody- 

namic limit. Recently, on the basis of this fact, the XX Z-model was formu- 
lated in the framework of representation theory of U q (sl(2)). Let us explain the 
scheme described in |lj briefly. 

First we recall the XX Z-vaode\ as it appears in physics. The space of states 
^ ■ of the XX Z-model is the infinite tensor product • • • ®V ®V ®V ® ■ ■ •, where 

V = Cv + © Cv_ is the two-dimensional vector space. The XXZ-Hamiltonian 
is the following operator formally acting the above space: 



feez 

where a x , a y , a z are the Pauli matrices on V, <r£ acting on the k-th component 
of---®V®V®V<8>---. Let U' q (sl(2)) denote the subalgebra of U q (sl{2)) with 
the grading operator d being dropped. It acts on V as follows. 

ei.v- = v+, fx.V+ = V-, t 1 .v ± = q ±1 v ± , 

e Q .v + = v-, fo.V- = V+, t .v± = q Tl v ± . 
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Furthermore, U'(sl(2)) acts on ■ ■ ■ <giV <8>V ®V ® ■ ■ ■ via the iterated coproduct 
A(°°). 

A (oo) (/i) = 51 ' ' ' ® 1 ® 1 ® /< ® *. rl ® ® ' ' ' ' 
Formal manipulation shows that 

[H X xz,U' q {2{2))]=Q. 

Letting T denoteb the shift operator on • • • (g)V ' <g> V (g)V Cg) ■ ■ ■ , we can also check 

j^Hxxz = T 2 dT- 2 - d. 
1 — q z 

The above observation holds only in the infinite lattice case. Of course, 
Hxxz and the action of U q (sl(2)) are not literally well-defined. Nevertheless, 
when we consider the model in the anti-ferroelctric regime — 1 < q < 0, we can 
construct a well-defined theory on "the space of physical states" , which is the 
subspace consisting of finite excitations over the ground states in ■ ■ • ® V <8> V ® 
V ® • • •. The formulation of Q is based on the (hypothetical) identification 

"the space of physical states" = ffi V(Ai) <g> V(Aj)*, 

0<i,j<l 

where V(Ai) is the level 1 highest weight irreducible £/ 9 (s^(2))-module and 
V(Aj)* is the dual module of V(Aj). The symbol ® is to be understood with 
an appropriate completion, but we will not go into such details in the sequel. 
To motivate this hypothesis, consider the intertwiner of U q (sl (n))-modulcs 

^- tV ■ V ( A >) — > ^(Ai_0 ® V, (*) 

called vertex operators (H). In fact, such an operator exists, is unique up to 
a scaler, gives an isomorphosm. Iterating the vertex operators, we get the 
following isomorphism. 

V(Aj) ® V(Aj-)* S V(Ax-i) <E>V(g> V{Aj)* S ^(A 0orl ) ® 7 <g> • • • ® V ® V(A i )*. 

It tells us that the local structure • • -®V®V®- ■ ■ in the naive picture is realized 
in the space (J) V"(Ai)®V(Aj)*. By composing (*) with a similar vertex operator 

V ® T^(Aj)* — > V(Ai_i)*, 

we get 

V(Ai) (8 V(Aj)* = V(Ai_ ( ) V(Aj)* = V(Ai_ ( ) ® V(Ai_ 3 -)*. 
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The resulting isomorphism can be identified with the shift operator T. In this 
manner we can build a well-defined theory on V(Ai) ® V(Aj)* that captures 
all the essential features expected from the physical definition. 

It is straightforward to generalize the above formulation to the models re- 
lated to any quantum affine algebra. In this paper, we consider a multi spin- 
analogue of the XXZ-mode\ related to the vector representation of U q {sl{n)). 
Our main results are twofold. One is the bosonization of the level 1 vertex opcr- 
ators(Theorem 3.3, 3.4). The other is the exact calculation of the one-point 
functions (Theorem 5.2). The structure of this paper is the following. In §2, 
we review the construction of the level 1 irreducible highest weight U q (sl(n))- 
modules. In §3, we construct the vertex operators on the bosonic Fock space 
explicitly. In §4, we explain the mathematical formulation of models. In §5, 
first, we derive an integral representation for the one-point function by using 
the bosonization of the vertex operators. Next, by using the commutation re- 
lations of the vertex operators, we derive difference equations for the one-point 
functions. This equation can be solved easily. As a result, we obtain an explicit 
formula of the one-point functions exteding th previous work on the spontaneous 
staggered polarization for the AXZ-modcl([[l3)). 

2 Vertex operator representations of U q (sl(n)) 

In this section, we review the construction of the level 1 irreducible highest 
weight modules following ||. 

2.1 Notations 

Throughout this paper, we fix a real number q (— 1 < <? < 0) and a positive 
integer n. The g-integer and g-factorial are denoted by [k] = (q k — q~ k )/{q — 
<7 -1 ) and (a;q)oo = E[fe=o(^ — a Q k ) respectively. Most notations concerning Lie 
algebras follow Q . Let P be a free Z-module 

71-1 

P := ZA, © Z6. 

i=0 

We call it the weight lattice. We define P* as follows. 

71-1 

P* := Hom(P, Z) = Zhi © Zd. 

i=0 

The pairing is given by (Ai,hj) — Sij, (A,-, d) = 0, (S,hj) = 0, (6,d) = 1. The 
indices are extended cyclically such as Aj = A.; +n , etc. Let ao = — A„_i + 
2A - Ai + 5, a.j = — Aj_i + 2Aj - A J+ i (1 < j < n — 1) be the simple 
roots. The invariant bilinear form on P is given by (a.i\a.j) = —Sij—i + 2<5y — 
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<Jy+i and (6\8) = 0. The projection to the classical weight lattice is given by 
Aj = Aj — Ao, 6 = 0. U q (sl(n)) is the C-algebra generated by the symbols 
{tf(= q ±hi ),q d ,ei, fi,(i = 0, • • • , n — 1)} which satisfy the following defining 
relations. 



/■ ft' 1 — fl-^J'' 1 ') f 



[ e »> fj 



5 ti -tj 

J% 1 1 

q-q- 1 



k=0 

where 6=1 



k=0 
[b}\ 



1,1,1, ' '» 



, [k]\ = [1] [2] ■■■[k\. Throughout 



[k]\[b-k]V 

this paper, we denote U q (sl(n)) by U q . U' q is the subalgebra of U q generated 
by {ti, 6j, /j}. We denote the irreducible highest weight J7 g (or [/^-module with 
highest weight A by V(X). We fix a highest weight vector of V(A) and denote it 
by | A). The coproduct A and antipode S are given as follows. 



A(g h ) =q h ®q h , A(e;) = e { ® 1 + ^ <g> a 



S(q h ) 



, S(ei) = -trh 



A(/< 



l®/< 



When W is a U g (oi L/^) -module, we introduce the left module structure on 
the dual space W* by x.u*(v) = u*(S(x).v) for x G J7 g (or U' q ), u* G and 
v £ W. If W has a weight decomposition A W 7 ^, we define the completion 
= J1 A Wa- Normally we omit ~. 



2.2 Drinfeld generators of U q 

We introduce another set of generators of U q (Q) . 

Definition. .A is the C-algebra generated by the symbols {j^i , Ki, aj(fc), x^(l) 
(1 < i < n— 1, /c G Z\{0}, ^ G Z)} which satisfy the following defining relations. 



1) 

2) 

3) 
4) 

5) 



7 ± 2 G Center of A , 727 2 = 1 , 

k q — q 
[a i (k),K J ]=0, 

K i xf(k)Kt 1 = q k < a " h *>xf(k) , 
[a l (kUt(l)]=±^^ 1 ^xt(k + l) 
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6) 



7) 



X f(k + l) X f(l) - q^^xf^xfik + 1) 



= q M<xi\»i) x f (k) x ±(i + i) _ x ±(i + l) x f(k) , 



[*+(*), xj(l)\ = -^frCk-O/a^ + _ ^l-W^k + l)) 

q-q 



where 



^2ipi(k)z k = Ki exp (g - q ^^^(fc)^ 

fe=0 V fe=l / 

oo / oo N 

5>,-(-fc>~* = ifr^exp -(q-q- v )J2^(-k)z- k 



fc=l 



8) 
9) 



[xf(k),xf(l)}=0 for(a i ,h j )=0, 



{xf(k)xt(l)xf(m) - (q + q - l )xt(k)xf(m)xt(l)+xf(m)xt(k)xt(l)} 

+{4 (i)4 ( k )4 (™) - (q + <rV ( l )4 (™)4 ( fc ) + 4 (™)4 Q)4 (*)} 



= 



/or (oj,/ii) = -1 



□ 



We know the following theorem. 

Theorem 2.2(Q) The following correspondance gives an isomorphism U' = A. 



K e 



4(0) , /,■— > x7(0) (l<i<n) 



in 



7^r 



n — 1 ' 



eo — > K_i(0), k;_ 2 (0), • • • [13 (0),a:r(l)],-i • • V'lr 1 ^ 1 ' ' ' K n-x > 

/o — » AV- ■ tf„_i[[. ■ • [x+(-l),4(0)] 9 • • • ,x+_ 2 (0)] ?;2 ;+_ 1 (0)] ? . 
_ffere we /iaue set [yl, _B] g = AB — qBA. 



□ 



2.3 Group algebra C[P] 

For the construction of representations, it is enough to consider only C[Q], 
where Q = is the classical root lattice. But, for the construction of 

the vertex operators it is convinient to define C[P] (P = ( SjZ2~ 1 aj A„_i : 
the classical weight lattice). In fact, we use a central-extention of the group 
algebra of P. 
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Definition. C[P] is the C-algebra generated by the symbols { e" 2 , • • • , e"™- 1 , 

e A„_i | which satisfy the following defining relations. 

e a *e a i = (-l)(^l«i) e ^e ai (2 < i < n - 1) 

e a le A„_! = ^j^in-igAn-igai (2 < i < n - 1) 

□ 

For a = 11120.2 + • • • + m n -\a n -\ + m n A„_i(<G P), we denote e™ 12 " 2 • • • 

e m„_ia„_i e A„_ 1 by e «_ p or exam pl e; g ai = e -2a 2e -3a 3 . . . g-(n-l)a n _i e nA„_x ^ 
e A, _ e -a, + le -2a, + 2 . . . e -(n-i-l)a„_ 1 e nA„_i_ ^ gi mp l e calculation shows the 

following. 
Proposition 2.3 

1) e Q 'e aj = (-l)(».l^) e ^e a * (1 < i,j < n - 1) 

2) e" 1 ^— 1 = (-l)™"^"-^" 1 

3) e Q *e Xl = (-l)™ 5 * 1 ^"* (1 < i < n - 1) 

4) e^e 1 "" 1 = (-l)"^- 1 ^ 1 

□ 

2.4 Construction of representations 

Let 

W t := C[a 3 {-k){l < j < n - 1, k € Z >0 )] <g> C[Q]e Xi (0 < i < n - 1). 

We define the operators a,j(k) (1 < j < n — 1) , d a , e a (a £ Q) , d on Wj as 
follows: 

for /(gie' 3 = a^i-ni) ■ ■ ■ a ik (-n k ) <E> e' 3 € W i; 

fl . (fc) f® e /»- J a s {k)f®efi (k < 0) 

a ./®e" = (a|/3)/®e 
e a .f®e p = f®e a e 

i=i 

Xf(z):=J24( k >~ k ~ 1 (1<J <«-!)■ 
fcez 



Let 



G 



Wc define the action of U q . 



71 — > q , Kj 1 — > g 9a i (1 < j < n - 1), 

— exp(±£ 5*^gT V )fflq ,( T £ Sj^i," V"'**** ■ 
fc=l ^ J K"=l ' J 

We know the following theorem. 

Theorem 2.4(||) 5y £/ie above action, Wi becomes the irreducible highest 
weight module with highest weight Ai, and 1 ® e Ai is a highest weight vector 
ofWi. _ □ 

From now on, we identify Wi and 1 ® e Ai with V(Aj) and |Aj) respectively. 

3 Construction of Vertex operators 

In this section, we costruct the vertex operators on Wi explicitly. 
3.1 Vertex operators 

We review the definition and some properties of the vertex operators. 

Let V be a finite dimensional representation of U' q . The affinization of V is the 

following [/^-module V z . 

V z = V ®C[z,z-\ 
We define the [/^-module structure on V z as follows. 

e r .{v® z m ) = e t .v® z m+s *° , /,.(« ® z m ) = fo.v ® z m - 5i0 

ti.(v ® z m ) = U.v ® z m , q d .{v ® z m ) = mv ® z m . 

Definition. The vertex operator is a U q -homomorphism of the following form. 
Type I : 

$f(z) : V(X) — > V(fj,)®V z 

Type II: 

: y(A) — > V z ®V(jj) 

□ 

The symbol £§> means W\ W2. From now on, we omit it. We know the 
following theorem about the exisitence of the vertex operators. 
Theorem 3.1(||) 

Homt,.(V(A),V(/i)®V,) 

= {v E V\ the weight of v = A — /1 mod <5 
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and ef' ,hi ' l+1 .v = for i = 0, • • • , n — 1}, 

where $ G Hom^ (U(A), V(p) ® Vz) corresponds to v via the relation $|A) = 
| At) <8> w+ f terms of positive powers in z ). □ 
We define the components of the vertex operators as follows. 

ra-l 

*?{z)\u) = '£*Z v j {z)\u)®v j for \u) e V(A), 

where {wj} is a set of basis of V. For the type II, the components are also defined 
similarly. Using the components, we define similar vertex operators 

#£y(«) : V(X) ®V Z ^ V(ji) ® C[z, z- 1 } 

by 

& xv {z)(\v)®v i ) = *?' j {z)\v) for \v)eV(X). 

Here x e U q acts on V^(/x) (g> C[z, z" 1 ] as x <8> 1. 

Now, we specialize V to the vector representation. 

v = Cv e • • • e Ct)„_i 

The [/^-module structure on V is the following. 

Bi.Vj = SijVi-i , fi.Vj = Si-ijVi , ti.Vj = q 5 ^ +1 ~ 5i ^Vj. 

(V*) z is denoted by V*. The action of U q on V* is the following. 

e t .(v* ® 2 m ) = -q-Hi-^v* ® z m+s «> , fi.(v* ® z m ) = -<?%<-i ® z m -^' 

U.Vj ® z m = q~ 5i ^+ 1+5 ^Vj ® z m , q d .Vj ® z m = muj ® z m . 
In our case, by the above theorem, only 



^(,),i^ r W,^(,),C Ai+1 W 

are non-trivial. Furthermore, each of them is unique up to a scalar. Here, we 
take the following normalization. 

^A* V 1 (z)|Aj + i) = |Aj) ® + ( terms of positive powers in 2; ) 

l>^ l+lV ' (-z)l Aj) = |Aj + i) ® u* + ( terms of positive powers in z ) 
For the type II, we take a similar normalization. 
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3.2 Coproduct of a,i(k),xf(l) and action of ai(k),xf(l) on V z 

The coproduct of Drinfeld generators is not known in full. But the "main terms" 
are calculated in for U q (sl(2)). The case of U q {sl(n)) is quite similar. 
Proposition 3.2.A For k > , I > , 

A(x+(fc)) = x+(k) ® 7 fe + t 2 *^ <g> x+(fc) 
fe-i 

+ ^ 7 (fc ^' )/2 ^(-fc + j) ® 7 fc ~ 3 'a^ (j) mod UN_ LW 2 
3=0 

A(.t+H)) = ® 7"' + K 1 ® 4H) 

l-i 

+ ^2l {l ~ j)/2( Pi(- 1 + J) ® 7"' +j ^(-i) mod IW_ ® C/iV 2 

3=1 

A(xr(l)) = X T (I) ® K t +j k ® a;-(0 
fe-i 

+ XI 7 fe_ja: r(i) ® j u ~ k)/2 M k - j) mod UNz. ® E/AT+ 

3=1 

A(xr(-*0) = *7(-*0 ® 7" 2fc ^" 1 + 7" fc ® 
fc-i 

+ H l j ~ kx i(-j) ® 7 _(fe+3j)/2 ^0' - fc) mod C/iV 2 ® [/7V+ 

A(oj(0) = a»(0 O 7 3 + 7~ ® a«(0 mod C/iV_ ® C/iV + 
A(oi(-Z)) = <h(-l) ® 7~^ + 7~^ ® Oi(-/) mod C/iV_ ® C/iV + 
where, UN± , UN± are the left ideals generated by {xf(k)} 7 {xf 1 (k)Xj(l)} . 

□ 

Proposition 3.2.B The action of aj(fe), xf (/) on Vj, is the following. 

xf(k) .— » (g l z) fc ^_i 

ai(0 >— » ^(g^) fc (g-*^i-ii-i - 9 fc ^«) 
where Eij is the matrix unit of EndV such that EijVi = SjiVi. 

□ 
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3.3 Vertex operators of type I 

First, we consider the vertex operator & J /^ 1 (z) : V(A{ + i) — ► V(Ai) <E> V z . 
We can determine the (n-l)-th component as follows. By prop. 3. 2, we get the 
following commutation relations. 

[*v_ 1 {z),X+(w)] = 

for 1 < j < n — 1. 

The above conditions determine the form of ^A^m-i( z ) completely under the 
normalization conditions in §3.1. The other components are determined by one 
of the intertwining conditions. 

Hence, the other components arc represented by the integral of the currents. 

For the vertex operators $ A * +iy (z) : 1^(A,) — ► V"(Aj+i)® 14*, we have the 
similar commutaion relations this time for the 0-th component. We summarize 
the results. 
Theorem 3.3 

oo oo 

1) *t+ in -i(z) -exp(^< l _ 1 (-fc)^ fc z fc )exp(^< l _ 1 (fc) (Z -^ fc z- fe ) 

k=l k=l 



xe K ^{q n+1 z) 
x - 2 ^ i )("- 1 )(_l)5(™-»)(™-i-l) 

(* = (),■■ -,71-1) 

^-iWH^W^l, (7 = l,-",n-l). 



2) = ex P (£a*(-fc) g i^ fe )e X p(^a*(fc)g-5^-' s ) 



fe=i fe=i 



xe Al ((-l)"-V)^ 1+ V(-l) in+ ^ (<+1) 

(* = 0,---,n-l) 

*a;) i1/ * (*) = [£> *a^IY* (*)],- (J = 1, ■ ■ ■ , n - 1). 
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where <_ x (fc) = ]T ttt^Uw, aj(fc) - E Ml fl 'W' 

TTie coffiecients o/a*_ 1 (/c) anrfa*(fc) are determined by the conditions 

[k] [k] 
[ai(k), a* _i(-fc)] = 5 i; „_i— , [oi(fc),aJ(-fc)] =5ii — . 



□ 



3.4 Vertex operators of type II 

We can also apply the same method for the vertex operators of type II. 
Theorem 3.4 

oo oo 

!) ^ i A ; i0 ^) = exp(-E^(- fc )^ fc ^)exp(-E^( fc )^ ife ^' C ) 
fc=i fe=i 

xe- Xl ((-l)™- 1 9 z) _9 ^ +ii ^ Fi g- 4 (-l) m+ ^ (l+1) 

(i = 0,---,n-l) 

*a£ ,(*) - [ ], (i = 1,. • • ,n - 1). 



2) Cn^ 1 W = ex P(" E <-i(-fc)^ fc ^)ex P (- E <-i(%" 



2 K z K ) 



fe=i fc=i 



xe -A„-i( ? n+l z j 
x (-l) (9 Ai -^^"-^(-IjKn-OCn-i-l) 

(* = 0,-..,n-l) 
*£1?-i(*) = [e;, (J = l,-",n-l). 

□ 

3.5 Commutation relations of the vertex operators 

In fl^| , by solving the q-KZ equations the authors get the commutation relations 
of the vertex operators of type I related to U q (sl(n)). These formulas can be 
derived directry by using our explicit formulas for vertex operators First, we 
write down the matrix cofhecient of Ryv(zi/ 'z%) 6 EndcV^* ® V Z2 . 

n-l 

Rv*v(z){v* <& Vj) = v* <g> vj (i ^ j), Rv*v(z)(v* <8> Vi) = E a v v j ® v h 

3=0 
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where an = < 



1 -_z 

q-q~ l z 

1 - z 
q - g' 1 

1-z 



(* > i) 

(* = J) 

(* < i) 



Proposition 3.5 

1) 

2) 

3) «I» 



( n 2n. „2n\ 
SA i + w \S.AiV I \ \q >Q /°° -j 
$ A,y ( 2 ) $ A: + 1 ( Z ) = (g 2. g2 n )oo ^(A I + 1 ) 



I n 2n. „2n\ 



A;V 



Z2 ' ' ■ 



'22' 



Z2 



where r(z) 



(z-,q 2n )oo(q 



2n+2_-l. „2n 



(g 2 2;9 2n )oo(g 2n 2:- 1 ;g 2ri )c 



Pv* ® Uj = W 7 ' ® w* 



proof) Formulas 1), 2) follow from simple calculations. We know the uniqueness 
of the vertex operator V(Ai) — > ^(A,) <g) V£ ® V Z2 . (For the details see [|)||].) 
So, the left and the right hand sides of 3) coincide up to a scalar factor. By 
comparing the v n £§) v* component of both sides, we get the above equation. □ 



4 Vertex model 

In this section, we give a mathematical definition of the model treated in this 



paper. (M,|10|,M 



4.1 Space of states 

We know the integrable generalization of the XXZ-moAe\ related to any quan- 
tum affine algebra U q (g). Let V z be a finite dimensional representation of U' q (g) 
with a spectral parameter z and R(zi/z 2 ) €End(V 21 ® V Z2 ) be the i?-matrix for 
U' q (g). We define the model on the infinite lattice ■ ■ ■ ®V ®V ®V ® ■ ■ ■ . Let h 
be the operator on V ® V such that 

PR(zi/z 2 ) = (1 + uh H ) x const, (u -> 0), 

P : the transposition, e" = z\/z2 
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Wc define the Haniltonian H as follows. 

W = ^2 ht+u, 
kez 

where hi + u is ■••®l®l(g)/i(8)l®l®-- - acting the Z-th component and I + 1-th 
component. We can check immediately 

[U' q (g),H}=0. 

When g = sl(2) and V z is two-dimensional J7^(sZ(2))-module, 7i becomes Hxxz- 
From now on, we specialize g to sl(ri) and V z to the vector representation 
of U' q in §3.1. Later, when we solve the difference equations for the one-point 
functions, we find it convinient to pass to an equivalent representation V^ r 
defined by 

V = Cm © • • • © Cu n -i, 
ei.Uj = SijUi-iC, fi-Uj = Si-ijUiC' 1 , k.Uj = q Si ~^~ 5ii Uj. 
The equivalence is given by 

V z — V c pr , Vi .— > Ui C\ z = C- 

We will refer to V z and V^T as the homogineneous picture and the principal 
picture, respectively. As explained in the introduction, we take 

n-l 

End c (0 V(A t )) - ViX^ViXjT 

as the space of states T . T is understood naively as the subspace of the infinite 
tensor product • • • ®V®V®V® We give the left and right action of U on T 
as follows. 

x-f = ^2x (1) o f o S(x {2) ) 
f.x = ^2S-\x {2) )o fox {1) 

where / e T , x e U , A(x) = ^ X(i) <g> ar( 2 ) . 
The space J 7 regarded as the right module is denoted by T r . Let 
Tij = Hom(F(A j ), V^(Aj)) <* ^(Aj)®^)*. 

Ta has the unique canonical element idy^y We call it the vacuum and denote 
it by \vac)i e JF^ , ,(uac| G JF^. There is a natural inner product between T\j 
and as follows. 

\f\g) = — — , — — i° r / € ^ r ,- 1 , o e Tn , 

where p = A + Ai H h A„_i . 

It is invariant under the action of U q : (fx\g) = (f\xg) for v x e U. 
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4.2 Local structure and local operators 

We use the vertex operator 

^- lV (z) : V(Ai) — + V(Ai-i) ® V z 

to incorporate the local structure into T. 
Setting z = 1, we obtain the L^-homomorphism 

: v(Ai) — » ® v. 

Let 

^Ai • ^Ai_ m+ i Aj_i Aj 
converges and gives the following isomorphism. 

= v (^) ® ^( a j)* = V^-m) ® V ® • • • ® V r ®V r (A J )* 



By this isomorphism, the local structure is inserted into T. Next, we define the 
local operators. For L eEndV 8 "™, let 

r w := (^ ) )~ 1 (Wv( Al _ ra )®i)(*Sr ) ). 



By prop. 3. 6, we know 



where y = The action of L on Tj is defined as follows. 

L.f ■= Cft o f. 
We denote the correlator i(vac\L\vac)i by (L)( l \ 

5 Staggered polarization 

The aim of this section is to give (E m i m )^' explicitly. 
5.1 Integral representations 

In (|], the authors construct an integral representation of correlators of the 
XX Z-mode\ by using the trace formula explained in || Appendix C. We can 
apply the same method to (E m i m )w. 
Put 

(q 2 ;q 2n U ^V { A i )(x- d y^ i _ lVm ,( Zl )^ V (z 2 )) 



P™,{z l ,z 2 \x,y\i) :-- 



(<7 2 ™;<7 2 ™)oo tr y(Ai) (x-V p ) 
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then (E m , m )^ =P™,(z,z\q 2n ,q- 1 \t). 
Let 

h(z) = (z;x) 00 (q 2 Z~ 1 ;x) o, 

{zx k -q 2n ) O0 {q 2n z' 1 x k - 1 ;q 2n ) c 



f{z;x) = J I 



(q 2 zx k ; q 2n )oo(q 2n+2 z 1 x k ~ 1 ; q 2n ) 00 7 
Biizx, zn-j = y™**) J2 x^+^z^ ■ ■ ■ z£r H 

We get the following. 

P m>(zi, z 2\x,y\i) 

= ex WgW")oo(g 2 ;s)SrV(*;s) (fr (g 2 ^;g 2 ")oo 

(q 2n ;q 2n )octr V (A t )( x ~ d y 2p ) (<? 2l ^ fe ; 9 2 ™)oo 

x </ ^-^-i (l)i-^o 

JV<K|<l(Z#m) (27r\/-T)"~ 1 Cl ' ' & 

(1 - ZW m )w m +l ■ ■ ■ Wn-1 

h(w ) ■ ■ ■ h(w m -i)h(zw m )h(w m+ i) ■ ■ ■ h(w n -i) 
x6i(r)i, ■ ■ • ,r) m -i,ri m z~ 1 ,Ti m+ iZ,Ti m+ 2, ■ ■ -,rin-i) 

, q 2 q£i qin-2 in-i 

where w = — , wi = — , • ■ ■ , w„- 2 = — , w n -i 



(m < i) 
q l z~ l (m > i). 



w 7 _i 2 [ o' (m < i) 

z = — . m = — — y , c = i „i,-i 



By this expression, we can verify that 

V {z-x)-\v v{K) {q- 2 ^i^{ Zl )^ V {z 2 )) 
is a function of z(= z\/z%) and regular in q~ 2n < \z\ < q 2n . 



5.2 Staggered polarization 

In this subsection we derive the difference equations for one point functions 
and solve them. These equations can be solved easily up to a pseudo-constant 
factor and we can determin the factor by the analyticity gained from the integral 
representations. Following jlO| , we explain how to derive the difference equations 
in our context. 
Let 

F^(-) := tr v(Ki) ( q -^^( Zl )^ V (z 2 )) 
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then, wc get the equation 

= Ptr v{M _ l) (^ V (z 2q ^q- 2p ^ZA^)) 

= ( g -^®i)ptr Ai _ 1 (g- 2 ^:- iy (^)^r;(^)) 

= -q(-r 6 > 1 r( Z -±)(l®q- 2 nRv'v(-) 

xtr v , (A ,_ l) ( (Z - 2 ''^;- v -*(z 1 )«'A::: v '(^)) 



or, _ 

F (l \zq- 2n ) = -qz- Sil (l ® q- 2p )r{z)R v , v (z)F (l - 1 \z) . 

We show this equation reduces to scaler equations. Let 

F (l \z) :=^ ;g 2 ")- 1 J FW(^), 

then 

F il \zq- 2n ) = -qz- S ^{l®q~ 2 ~P)R v » v {z)F ( \z) . 
Let z — C" and be an n-th primitive root of 1. We put 



m=0 



Let further 

n-l 

G^ fc )(C) := C XI w fem C ro_ "G^(C). 

m=0 

Then, we find 

g (i ' fc) (Cg- 2 ) _ _ 2 ,y-i g°' fc) (C) 
l-u k (q-2 qUJ ^ l-uo k Q ' 

Let 

©pOO = {P\P)oo{z]p)oo{z~~ 1 p]p)oo ■ 

The reduced equation determines G^' k ^ (() as 

GU ^""^^0O ;(,) 



1G 



where Cjk(C) is a pseudo-constant ( i.e. Cjk(Cq 2 ) = c .jfc(C) )■ Let us show that 
Cjfc(C) is independent of zeta. As is regular in <j~ 2 < |£| < q 2 , so is 

G^' fc )(C). So, when we set C = e 2lx ^ u and q = e 7T ^ Tr , 

has at most a simple pole in the fundamental rigion [0, 1] x [0, r] in the u-plane. 
Hence, Cjk(Q is an absolute-constant cjk- Moreover, it can be determined by 
calculating the residue at ( = q^uji of the both sides of the above equation (*). 
The result is the following. 

G{m (c) = I ruJC ^^ (j + k = mod n) 
[ (otherwise) 

We get the following theorem. 

Theorem 5.2 Let uj be an n-th primitive root of 1 and Eij be the matrix unit, 
then 

n ~ 1 (i— life / 2 2\2 

'*(q;q)Zo 

<7 2 )oo 

□ 
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^ {mm) "(^;^ )oo(g2w - fe;3 2 )c 
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